ﬂnewcollege

Bradford

Summer Independent Learning:

A level Further Mathematics

Year 12 into Year 13

There are five tasks to complete.

Bring this completed record sheet together with all the work you have completed to your
first lesson in September.

Tasks 1 and 2 are to be completed in retrieval conditions.

Mark your answers and record your scores, together with any comments or questions.

Task 1: Complex Numbers — Basic Exam Questions (Arithmetic)

Question

Score

Comments/questions

Jan 05

June 06

June 07

Jan 08

June 08

June 09

June 10

Total

/42

Task 2: Roots of Polynomials — Basic Exam Questions (Quadratics)

Question

Score

Comments/questions

Jan 05

June 05

Jan 06

Jan 07

June 08

Total

/47
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Task 3: Further Calculus - Preview Work

Complete the notes for Further Calculus using the examples provided in this document.
You may wish to watch videos 21-24 in this playlist to help:
hitps.//www.youtube.com/playlist?app=desktop&list=PL-lld-VM4eK-

WsdWaVSMMITT SrhicX9cy&cbrd=1

Complete a selection of practice questions from Exercise 10A, 10B, and Mixed Practice 10
(answers are at the end).

Notes Exercise completed?
completed? | Comments/questions

Section 1:
Volumes of
revolution

Section 2:
Mean
value of a
function
Mixed N/A
Practice 10

Tasks 4 and 5 are meant to be tricky! Give them your best shot, then mark your answers.
Make a note of any questions you would like to ask — or be prepared to explain your solution
to the class for any question you feel you fully understand!

Task 4: Complex Numbers — Harder Exam Questions (Argand Diagrams)
Question | Score | Comments/questions
Jan 06
Q3
Jan 06
Q5
June 06

Jan 08

Total

/39

Task 5: Roots of Polynomials — Harder Exam Questions (Cubics)
Question | Score | Comments/questions
Jan 06

June 06

Jan 07

June 07

Total

/42



https://www.youtube.com/playlist?app=desktop&list=PL-lId-VM4eK-WsdWaV6MMiT15rhIcX9cy&cbrd=1
https://www.youtube.com/playlist?app=desktop&list=PL-lId-VM4eK-WsdWaV6MMiT15rhIcX9cy&cbrd=1
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Task 1: Complex Numbers - Basic Exam Questions (Arithmetic)

Jan 05 FP1

3 It is given that z = x + iy, where x and y are real numbers.

(a) Write down, in terms of x and y, an expression for z°, the complex conjugate of z.

(1 mark)
(b) Find, in terms of x and y, the real and imaginary parts of
2z —iz* (2 marks)
(¢) Find the complex number z such that
2z —-1z" =3i (3 marks)
June 06 FP1
6 It is given that z = x + iy, where x and y are real numbers.
(a) Write down, in terms of x and y, an expression for
(z+i)*
where (z + i)* denotes the complex conjugate of (z + i). (2 marks)
(b) Solve the equation
(z+i)*=2iz+1
giving your answer in the form a + bi. (5 marks)
June 07 FP1
3 1Itis given that z = x + iy, where x and y are real numbers.
(a) Find, in terms of x and y, the real and imaginary parts of
z — 3iz*
where z* is the complex conjugate of z. (3 marks)
(b) Find the complex number z such that
z=3iz*=16 (3 marks)

Jan 08 FP1

1 Itis given that zy = 2 41 and that z;* is the complex conjugate of z, .
Find the real numbers x and y such that

x + 31y = z| + 4izy * (4 marks)
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June 08 FP1
2 It is given that z =x + iy, where x and y are real numbers.

(a) Find, in terms of x and y, the real and imaginary parts of
3iz + 2z*
where z* is the complex conjugate of z.
(b) Find the complex number z such that

3iz 4 22% = 7 + 8i

June 09 FP1
3 The complex number z is defined by
z=x+2
where x is real.
(a) Find, in terms of x, the real and imaginary parts of:
i =%
(ii) z2 +2z*.
(b) Show that there is exactly one value of x for which z% + 2z* is real.
June 10 FP1
2 The complex number z is defined by
z=1+i

(a) Find the value of z2, giving your answer in its simplest form.
(b) Hence show that z8 = 16.

(¢) Show that (z"‘)2 S

Bradford

(3 marks)

(3 marks)

(3 marks)
(2 marks)

(2 marks)

(2 marks)
(2 marks)

(2 marks)

9@
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Task 1 Markschemes

Jan 05 FP1 o )
3(a) | z¥=x—1y Bl 1
)| R=2x—y Bl i’ =—1 must be used
I=-x+2y Bl 2 Condone I =i(x+2y);
Answers may appear in (c)
(¢) | Equating R and/or I parts Ml
Attempt to solve sim equations ml
z=1+21 Al 3 Allow x=1, y=2
Total 6
June 06 FP1
6(a) | (z+1)*=x-1y—1 B2 2
(b) | ..=2ix-2p+1 M1 i*=—1 used at some stage
Equating R and I parts Ml involving at least 5 terms in all
x=-2y+1,—y-1=2 Al ft one sign error in (a)
z=-1+i mlAlV| 5 ditto; allowx=-1,y=1
Total 7
June 07 FP1 o
3(a) | Useof z*=x—1iy Ml
z—-3iz¥F=x+iy—3ix—3y ml Condone sign error here
R=x-3y,I=-3x+y Al 3 Condone inclusion of i in I
Allow if correct in (b)
(b) [ x=3y=16, 3x+y=0 M1
Elimination of x or y ml
z=-2-6i AlF 3 Acceptx =-2,y=-6;
ft x + 3y forx = 3y
Total 6
Jan 08 FP1
1| 5+4iz*=(2+1)+4i(2-1) M1 Use of conjugate
=2+ +Bi+4) M1 Use of i* =~1
...=6+9 sox=6andy=3 MIA1 4 MI for equating Real and imaginary parts
Total 4
June 08 FP1
2(a) | Useof zF =x~ iy M1
Use of i*=~1 Ml
3iz4+2=¥=(2c=3y)+i(3x-2y) Al 3 Condone inclusion of i in I part
(b) | Equating R and I parts Ml
2x=3y=7, 3x-2y=8 ml with attempt to solve
z=2-1i Al 3 Allowx=2,y=~-1
Total 6
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June 09 FP1
@) | 22 =(x" —4)+i(4x) MIAI M1 for use of i* =—1
R and I parts clearly indicated AlF 3 Condone inclusion of 1 in I part
ft one numerical error
(i) | 22 +22*= (xz +2x - 4)+ i(4x-4) | MIAIF 2 M1 for comrect use of conjugate
ft numerical error in (i)
(b) | = + 22* real if imaginary part zero MI
Lieifx=1 AIF 2 ft provided imaginary part linear
Total 7
June 10 FP1
2a) | =142+ =2 MIAI 2 | Ml foruse of ©#=~1
(b) | =% =21y M1 or equivalent complete method
=161 =16 Al 2 convineingly shown (AG)
© | EF=0-i) Ml for use of =* = 1 — i
.. === Al 2 convincingly shown (AG)
Total 6
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Task 2: Roots of Polynomials — Basic Exam Questions (Quadratics)

Jan 05 FP1
1 The equation
x2=5x—2=0
has roots o and f.
(a) Write down the values of « + f# and af. (2 marks)
(b) Find the value of a2 + aff2. (2 marks)

(c¢) Find a quadratic equation which has roots

«’f and of? (3 marks)

June 05 FP1
6 The equation

¥ —4x+13=0

has roots o« and .

(a) (1) Write down the values of o + f§ and of3. (2 marks)
(ii) Deduce that a? 4+ 2 = —10. (2 marks)
(iii) Explain why the statement «® + 2 = —10 implies that & and # cannot both be real.

(2 marks)

(b) Find in the form p + ig the values of:
@) (a+i)+(B+1); (1 mark)
(i) (x+1)(p+1). (2 marks)

(c) Hence find a quadratic equation with roots (x + i) and (ff + 1). (2 marks)



Jan 06 FP1
5 (a) (i) Caleulate (2+iV5)(V5—1i).

(ii) Hence verify that /5 — i is a root of the equation
(24iV5)z = 3z*
where z* is the conjugate of z.
(b) The quadratic equation

X2 +px+q=0

in which the coefficients p and ¢ are real, has a complex root /5 —i.

(1) Write down the other root of the equation.
(i) Find the sum and product of the two roots of the equation.

(ii1) Hence state the values of p and q.
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(3 marks)

(2 marks)

(1 mark)
(3 marks)

(2 marks)

Jan 07 FP1

1 (a) Solve the following equations, giving each root in the form a + bi:
(i) x2+16=0;
(i) x2—-2x+4+17=0.
(b) (i) Expand (1 +x)°.
(i) Express (1+1i)° in the form a + bi.
(iti) Hence, or otherwise, verify that x = 1 4 1 satisfies the equation
42 —4i=0

June 08 FP1
1 The equation

X +x+5=0
has roots o and f3.
(a) Write down the values of « + f# and of.
(b) Find the value of o + 2.

o f 9
how that —+—= ——.
(c) Show tha B+oc 5

(d) Find a quadratic equation, with integer coefficients, which has roots

(2 marks)
(2 marks)
(2 marks)

(2 marks)

(2 marks)

(2 marks)

(2 marks)
(2 marks)

2 and E
o

(2 marks)

9@
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Task 2 Markschemes

Jan 05 FP1
@) | o+ f=5,af=-2 B1, BI 2
®) | 2 Braf’ =af(a+ f)=-10 MIALS 2 | ft wrong values
© (@' B)Naf’)=(af) =-8 MIALS ft wrong values
Equation is x° +10x—8=0 ALY 3 Dep on both M1s; ft wrong values;
Condone omission of “= 0"
Total 7
June 05 FP1
6(a)i) | @+ =4, aff=13 BIBI 2
(i) | &'+ =(a+ f)Y —2af M1
—.=4*-26=-10 Al 2 convincingly shown (AG)
(iii) | The square of a real number is positive El
(or zero)
The sum of two such squares is positive El 2
(or zero)
(b)(i) | (at+ 1) +(B+1)=4+2 BIF 1 ft wrong value in (a)(1)
(i) [ (a+1)B+1)=12+4 MIAIF 2 ditto
(c) | Correct coeff of x or constant term MI Using c's answers in (b)
x = (@42 x+(12441)=0 AlIF 2 ft wrong answers in (b)
Total 11
Jan 06 FP1
S(a)(i) | Full expansion of product Mi
Use of i’ =~1 ml
(2+s/§iXJ—S_—i)=3J§+3i Al 3 J55=5 must be used — Accept not
fully simplified
(ii) :‘=x-iy(=\/§ +1) Ml
Hence result Al 2 Convincingly shown (AG)
(®)() | Other root is V5 +i Bl 1
(i) | Sum of roots iszsfS- Bl
Product 1s 6 MIAl 3
(iii) =-2J5 g=6 B1
’ \/_,q B1S 2 ft wrong answers in (i1)
Total 11
Jan 07 FP1 ,
1(a)(i) | Roots are + 4i MIAL 2 M1 for one correct root or two correct
factors
(ii) | Roots are 1 + 4i MIAL 2 M1 for correct method
(b)) | (1+ x)3 =1 43x+37 4+ 1 MIALI 2 MIAQ if one small error
() | (1+i)y =143i-3-i=-2+2i MIAL 2 M1 if i’ =—1 used
(i) [ (1+10)° +2(1 +1i)—4i Ml with attempt to evaluate
= (=242i)+(2-2i)=0 Al 2 convincingly shown (AG)
Total 10
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June 08 FP1

I(a) la+f=~1,af=5 BIBI

Mb)@ +F=(a+p)—2ap MI with numbers substituted
Ww=1=10=-9 AlF ft sign error(s) in (a)
a f a+p

)| =+== Ml
B a of

= 5 Al AG:ADiIfa+ =1 used
5

(d) | Product of new roots is | Bl PI by constant term | or 5

Eqnis 5x* +9x+5=0 BIF ft wrong value for product

Total

Bradford

ge
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Task 3: Further Calculus - Preview Work

10 Further calculus

In this chapter you will learn how to:

« find the volume of a shape formed by rotating a curve around the z-axis or the y-axis
« find the mean value of a function.

Before you start ...

You should know the formula for the 1 Find the exact volume of a cylinder with base
volume of a cylinder. radius 4cm and height 10cm.

A Level Mathematics You should know how to find the
BTl Ll Tl e T L B Bl definite integral of a polynomial.

N

3
Evaluate / (z* +2) dz.
1

A Level Mathematics You should know that displacement is Find the displacement in the first 10 seconds of
Student Book 1, Chapter 16  E7ATENW /udg_ a particle with velocity 3z* ms '.

w

What else can you do with calculus?

You have already seen several applications of calculus, such as finding tangents and normals to curves, optimisaticn, finding
areas and converting between displacement, velocity and acceleration in kinematics. In this chapter, you will see two further
applications - finding volumes and finding the mean value of a function.
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Section 1:Volumes of revolution

In A Level Mathematics Student Book 1, Chapter 14, you saw that the area between a curve and the z-axis fromz =atoz =5

b
is given by / ydz, as long as y > 0. In this section, you will use a similar formula to find the volume of a shape formed by
a

rotating the curve about either the z-axis or the y-axis.

If a curve is rotated about the z-axis or the y-axis, the resulting shape is called a solid of revolution and the volume of that
shape is referred to as the volume of revolution.

y

Key point 10.1

* When the curve y = f(z) between z = a and z = b is rotated 360 about the z-axis, the volume of revolution is
b

given by ¥ =1rf yldz.
a
s When the curve y = f(z) between y=c and y=d is rotated 360" about the y-axis, the volume of revolution is
b
given by ¥ =1rf yidz.

The proof of these results is very similar. The preof for rotation about the z-axis is given here,
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Vi~ Z wy Az
a

v

b
i 2
hm. L Eﬂ wy Az

Ar
b
/ 7ry2d:t
a

b
- 1r/ yldz
a

The solid can be split into small cylinders.

The volume of each cylinder is my2Az.

The total voiume is approximately:

Draw an outline of a representative function to illustrate
the argument.

The radius of each cylinder is the y-coordinate and the
height is Az.

You are starting at z = a and stopping at z = b. It is only
approximate because the volume of revolution is not
exactly the same as the total volume of the cylinders.

However, as you make the cylinders smaller the volume
gets more and more accurate. The sum then becomes an
integral. You can leave = out of the integration and
multiply by it at the end.

WORKED EXAMPLE 10.1

The graph of y = /2* +1, 0 < z < 3, is rotated 260" about the r-axis.

3
V=:'Tf [22+1)dz
i
B S
— 3 .

(544

= 12w

Find, in terms of x, the volume of the solid generated.

b
Use the formula: v— wf yldz.
a

Evaluate the definite integral.

To find the volume of revolution about the y-axis you will often have to rearrange the equation of the curve to find z in terms of y

Remember that the limits of the integration need to be in terms of y and not =.
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WORKED EXAMPLE 10.2

The part of the curve y = 1 between z =1 and = = 4 is rotated 360" about the y-axis. Find the exact value of the volume
s

of the solid generated.

when = — 1,y % 1 Find the limits in terms of y.
1
when z = 4,y 1
Express z in terms of y.
1 1
y=—=z=—
z y
. ", E 1
v Wf =" dy Use the formula V = r/ z?dy, substituting in z = —.
a [:3 y

y
A

From the diagram you can see that the volume formed when the region R is rotated around the z-axis is given by the volume of
revolution of g(z) minus the volume of revolution of f(z).

Remember that many calculators can find definite integrals.

Make sure that you square each term within the brackets and do not make the mistake of squaring the whole

b
expression inside the brackets: the formula is not 1r/ (g(z) — f(z)) *dz.
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'D, Key point 10.2

The volume of revolution of the region between curves g(z) and f(z) is:
b
v [ (g - 1)

where g(z) is above f(z) and the curves intersect atz =a and z =b

WORKED EXAMPLE 10.3

Find the volume formed when the region enclosed by y = =* + 6 and y = 8z — 2? is rotated through 260" about the z-axis.

For points of intersection: First find the z-coordinates of the points where the
2.6 _g P curves meet, by equating the RHS of both equations and
TR Ree solving. This will give you the limits of integration.

272 Bz +6 =0
2 —4x+3 =0
(z—1)(z—3) =0
z=1lorz =3
i Sketch the graphs in the region concerned.
y—8z — 2 is above y— 2?4+ 6

y=x'+6 '

' \- v o y=8x-x
: :
1 e

@)

Apply the formula.

3 o
Vv ﬁ[ {{'S.r.—arz}_—liar —b:l )(1: .
v=r [ (o(@)? ~ f())de.

ﬂfb (6427 — 165% + 21) Expand and simplify.
[

—(z* + 1222 + 36))dz

3
ﬁf (5227 — 16z° — 36) dz

2 4 4zt _ 36 ]” Then evaluate the definite integral.
R S B i
3"

(

“’”|L\:.|

|5
d

<3 43 36> 3)

c1% _4x 1136 > 1)]

—

|
= —
;""’|L\:.|

.
!
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1 )Did you know?

y
A

There are also formulae to find the surface area of a solid formed by rotating a region around an axis. Some
particularly interesting examples arise if you allow one end of the region to tend to infinity; for example,

rotating the region formed by the lines y = l, z =1 and the z-axis results in a solid called Gabriel’s horn or
F
Torricelli's trumpet.

Areas and volumes can also be calculated using what are called improper integrals, and it ensues that it is
possible to have a solid of finite volume but infinite surface areal

Note: Questions with a green “A” next to them contain A Level expressions (which you have
covered this year), all other questions are AS Level.

EXCERCISE 10A

The part of the curve y = f(z) for a < y < b is rotated 260" about the z-axis. Find the exact volume of
revolution formed in each case.

a i fr)=2"a=-1,b=1
i f(z)=2*a=0,b=2

b i flz)=2*+6;a=-1,b=2
i flz)=22+1;a=0,b=1

1
c i fz)==—;a=1,b=2
E

i f(z)=%:a=], =4
€T
Find the exact volume of revelution formed when each curve, for a < = < b, is rotated through 27 radians
about the z-axis.
a i y=e;a=0b=1
il y=eT;a=05b=23
b i y=e¥+1;a=0,b=1

ii y=e®+2,a=0,b=2

C i y=+sinz;a=0b=x

ii y:,;’.::c:s:;a.=[],!:=T—Qr



The part of the curve for a < y < b is rotated 260" about the y-axis.

Find the exact volume of revolution formed in each case.
a i y=4r+1la=1b=17

2 —1
3

il y= ra=0b=5

ﬂnewcolle
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The part of the curve y = f(z) for a < y = b is rotated 360" about the y-axis.

Find the exact volume of revolution formed in each case.

a i flr)=lnz+la=1b=13
ii flr)=In(2z—-1)a=0b=4
1
b i flz)=—a=1b=2
T
. 1
il flr)==+2a=3b=5
I
) w T
c i f{=)=arc5mz;a=—3,b=3
ii f{:)=ar(:5i11=;a,=—E,b=E
4 4

o The diagram shows the region, R, bounded by the curve y = /z — 2, the z-axis and the line = = 9.

o
00
©

y
A

[To ] S

a Find the coordinates of the point A where the curve crosses the z-axis.

This region is rotated about the z-axis.

b Find the exact volume of the sclid generated.

The curve y = 32? +1, for 0 < = < 2, is rotated through 360" about the y-axis.

Find the volume of revolution generated, correct to 3s.4

The part of the curve y? — sinz between z =0 and = — % is rotated through 2= radians about the z-axis.

Find the exact volume of the solid generated.

167

The curve y = 22, for 0 < = < a, is rotated through 180" about the z-axis. The resulting volume is i

Find the value of a.

9@
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The region enclosed by the curve y = z* — a? and the z-axis is rotated 90" about the z-axis.

Find an expression for the volume of revolution formed.

The part of the curve y =, r'g between z =1 and = = a is rotated through 2= radians about the z-axis. The
I

64
volume of the resulting solid is ?T].DE.

Find the exact value of a.
a Find the coordinates of the points of intersection of curves y =2+ 3 and y — 4z + 3.

b Find the volume of revolution generated when the region between the curves y— 2>+ 2 and y =4z + 3 is
rotated through 360° about the z-axis.

The region bounded by the curves y = 2 + 6 and y = 8z — =* is rotated through 360" about the z-axis.Find the
volume of the resulting shape.

a Find the coordinates of the points of intersection of the curves and y =4,/zandy =z +13

b The region between the curves and y = 4,/zandy = z + 3 is rotated through 360° about the y-axis. Find the
volume of the solid generated.

By rotating the circle z* + * = r* around the z-axis, prove that the volume of a sphere of radius r is given by

4

2 .

By choosing a suitable function to rotate around the z-axis, prove that the volume of a circular cone with

2
base radius r and height & is %

Find the volume of revolution when the region enclosed by the graphs of y=e*, y=1 and z =1 is rotated
through 360" about the line y = 1.

Section 2: Mean value of a function

Suppose an object travels between ¢+ = 0s and t = 3s with a velocity given by v = ¢. Its velocity-time graph looks like this.

Its average velocity can be found from:

initial velocity + final velocity 0+ 3

v
A

2 2
=15
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2
Suppose, instead, the object has velocity given by v= % Then you can compare the two velocity-time graphs.

initial velocity + final velocity
2
the red curve is underneath the blue line everywhere other than at the end points.

The formula would give the same average velocity for the two graphs, which can’t be correct because

v
A

0 >

You need a measure of average that takes into account the value of the function everywhere.

. total distance
0 bilit t _—
ne possibility is to use yr—

You can then use the fact that total distance is the integral of velocity with respect to time.

For the blue line this gives:

3
tdt
]
3

average velocity =

= 1.5

For the red curve this gives:

averapge velocity

1[1&3]3
C3lel,
=1

This process can be generalised for any function.

’_9 ' Key point 10.4

The mean value of a function f(z) between a and b is:

j:f(z)dz
T b-a
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WORKED EXAMPLE 10.4

Find the mean value of 2 — z between 3 and 4.

b
f(z)dz
a
b—a

Mean value Use the formula for the mean value of a function:

MNotice that z2 — z varies between 6 and 12, se a mean of around
seems reasonable.

2n

9

EXCERCISE 10B

o Find the mean value of each function between the given values of z.

Q0 O o o

a i Lforl<z<l
il zforl<z<3
b i (zfor0==z<4
ii %forl < x<h
C i #+1forl<z<4

t—zfor0 <z <10

Find the mean value of each function over the domain given.

a i sinzforl«<z<w
il coszfor0<z<w
b i e for0<z<1
i iforl{:::e
I
C i Jrriford<z<8

zsin (z2) for0 < z < 7

The velocity of a rocket is given by » = 30,/ where t is time, in seconds, and v is velocity, in metres
per second.

Find the mean velocity in the first T seconds.

The mean value of the function =* — = for 0 < = < a is zero.

Find the value of a.

f(x) = «® for = = 0.

@ fpean 5 the mean value of f(z) between 0 and a. Find an expression for fypen in terms of a.

b Given that f(c) = fpean find an expression for ¢ in terms of a.

Show that the mean value of iﬂ between 1 and «a is inversely proportional to a.
&I

An alternating current has time period 2. The power dissipated by the current through a resistor is given by
P — Bysin® (xt).

Find the ratic of the mean power of one complete period to the maximum power.
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e The mean value of f(z) between a and b is F.

Prove that the mean value of f(z) + 1 between a and bis F +1.
1
o a Sketch the graph of —.
2/x

b Use the graph to explain why the mean value of the function between a and b is less than the mean of f(a)
and f(b).
¢ Hence prove that, if0<a<b, vb— @< 1(i—i)
' ' 3\va i/
If fuean 15 the mean value of f(z) for e < = < b and f(a) < f(b), then f(a) < fuean < f(b).

Either prove this statement cr disprove it using a counterexample.

hecklist of learning and understanding

* The volume of a shape formed by rotating a curve about the z-axis or the y-axis is known as the
volume of revolution.
= When the curve y — f(z) between z — 4 and z = & is rotated 360° about the z-axis, the volume of
revolution is given by

b
V='rrf yrde
a

+ When the curve y = f(z) between y = c and y = d is rotated 360" about the y-axis, the volume of
revolution is given by

d
V='rrf 2 dy
(4

s The volume of revolution of the region between curves g(z) and f(z) is:

b
u= ﬁf (g(z)® — f(z)*)dz
a
where g(z) is above f(z) and the curves intersect at z —a and z = .
« The mean value of a function f(z) between ¢ and b is:

jbf(z}dz

b—a

Mixed practice 10

o Find the volume of revolution when the curve y = 22 for 1 < = < 2 is rotated through 260" around the z-axis.

Choose from these options.

A 2T

5

B 3r
5

C 32w

5
D 157
o Find the mean value of z* between 1 and 4.
Choose from these options.
A 5

4

B 65
3
c %
2
D255

4

o The curve y = /T between 0 and a is rotated through 360° about the z-axis. The resulting shape has a volume
of 18x.

Find the value of a.
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For 0 < = = a, the mean value of = is equal to the mean value of =2,

Find the value of a.

1
The mean value of — from 0 to b is 1.
-

Find the value of b.

2 —
o The curve z = £ 3 ! , with 1 £ y < 4, is rotated through 360" about the y-axis.

Find the volume of revolution generated, correct to 3s.f.

@ o The diagram shows the curve withequation y = /100 — 422 , where z = 0.

y
A

10 -

y=,100 - 422

0 >

Calculate the volume of the solid generated when the region bounded by the curve shown and the coordinate
axes is rotated through 360" about the y-axis, giving your answer in terms of.,

[© AQA 2009]

m The diagram shows the curve with equation y = /(z — 2)° for z = 2.

The shaded region R is bounded by the curve y — y/(z — 2)°, the z-axis and the lines t — 3 and = — 4.

y
A
R
T 1 T }x
0 1 2 3 4

Find the exact value of the volume of the solid formed when the region R is rotated through 360" about the =-
axis.

[© AQA 2009]
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f(z) — — forz >0
T
A  fpean 15 the mean value of f(z) between 1 and a. Find an expression for fpey in terms of a.
b Given that fie) = fpean find an expression for ¢ in terms of a.
The region bounded by the curve y = ax — 2 and the z-axis is rotated one full turn about the z-axis.

Find, in terms of a, the resulting volume of revolution.

Prove that the mean value of z between a and b is the arithmetic mean of a and b.

The diagram shows the curve y = In z and the line y = —l:—ﬂ
€

P

% y=-gx+2 y=Inx

m-------

0 V4 \)-x

a Show that the two graphs intersect at (e, 1).

The shaded region is rotated through 360" about the y-axis.

b Find the exact value of the volume of revolution.
The regicn enclosed by y = (z — 1)(z — 2) + 1 and the line y = 1 is rotated through 180" about the line y=1.

Find the exact value of the resulting volume.

The part of the curve y = 2* + 3 between y =2 and y = k(k > 0) is rotated 260° about the y-axis. The volume of
revolution formed is 25,

Find the value of k.
Consider two curves with equations y= 2> — 8z +12 and y = 124 = — =%,

Find the coordinates of the points of intersection of the two curves.

b The region enclosed by the curves is rotated through 360" about the z-axis. Write down an integral
expression for the volume of the solid generated.

c Evaluate the volume, giving your answer to the nearest integer.
a The region enclosed by y = z* and y = /= is labelled R.

Draw a sketch showing R.
b Find the volume when R is rotated through 360" about the z-axis.

¢ Hence find the volume when R is rotated through 360" about the y-axis.
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EXERCISE 10A

1 a i 04r

=

EXERCISE 10B

1 a i

[E.1 TRy S ula |

R newc

3 a i 32w
-
n 211'
06
b i ?‘I
i 252
3 kg
c | Ix
. 3_-‘!{
i
ki)
4 a j E{ed 1) 9 4:’:"
ii Tef Haet 1 3)
10 4
b i «#ln?2 3
i wind 11a (0, 3), (4, 19)
c i L b 630 (3sf)
2 12 184 (3sf)
i [ —2)—
13 a (1,4),(9,12)
5 a (40 L
11w 15
h JR—
6 14 Proof.
6 75.4
15 Proof. Use y= %
7 x
16 ( E)
8 2 2
2
5 ‘@ o
3
b 2By
V3
6 Proof.
7 12
8 Proof.
9 a y
» X
(]

b Curve is concave up.

¢ Proof.

10 Not true. For example: f(z) — z* 1 between 1 an

olle

Bradford

d1i.

9@
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w
wls & o

4]
-

10 "_“‘
30

11 Proof.

0 12 a Proof

5“.2
. (T

w

1325

3)

14 3+ 5V2
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15 a (0, 12) and (4.5, -3.75)

45
b r/ (142" - 1112” 4 216z) dz
o

C

16 a

787

y

A

> > x
Ix
10
3_1r
10
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Task 4: Complex Numbers - Harder Exam Questions (Argand Diagrams)

Jan 06 FP2
3 The complex numbers z; and z, are given by
I +i 1 V3,
.'l—l_i and -2—5'*"71
(a) Show thatz; =1. (2 marks)
(b) Show that |z)| =|z,]. (2 marks)
(c) Find arg(z,) and arg(z,) (3 marks)

(d) Draw an Argand diagram to show the points representing z,, z, and z,+z,. (2 marks)
(e) Use your Argand diagram to show that

tan 15—,)71: =243 (3 marks)

5 The complex number z satisfies the relation

lz4+4-4i|=4
(a) Sketch, on an Argand diagram, the locus of z. (3 marks)
(b) Show that the greatest value of |z| is 4 (V2 + 1). (3 marks)

(¢) Find the value of z for which

arg(z + 4 — 4i) = ¢

Give your answer in the form a + ib. (3 marks)
June 06 FP2
4 (a) On one Argand diagram, sketch the locus of points satisfying:
(i) |z—-3+2i|=4; (3 marks)
(i) arg(z—1) = —%n. (3 marks)

(b) Indicate on your sketch the set of points satisfying both

|z—=3+2i| <4
and arg(z—1) = Ly (1 mark)

3
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3 A circle C and a half-line L have equations
|lz=2V3—i|=4
and arg(z +1) = e
6
respectively.
(a) Show that:
(1) the circle C passes through the point where z = —i; (2 marks)
(i1) the half-line L passes through the centre of C. (3 marks)
(b) On one Argand diagram, sketch C and L. (4 marks)

(c) Shade on your sketch the set of points satisfying both

|lz-2V3-i| <4

and O<arg(z+1) < 2 marks)

A
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Jan 06 FP2
Q Solution Marks | Total Comments
"
i (1+1)
3 | LEAL ) = MIAL | 2 |AG
-1 [-j°
() | |z]= l4-3=1—|:,| MIAL 2
% 4 4
()| r=1 Bl Pl
1 |
) =;ﬂ, EH BIBI 3 Deduct 1 mark if extra solutions
d| va
1
33
i T B2,IF 2 Positions of the 3 points relative to each
2 : other, must be approximately correct
5
(e) | Arg(z +:2,) g Bl Clearly shown
< l+-l-ﬁ
. oS
tan Tj” 3 Ml Allow if BO earned
2
=2+ ﬁ Al 3 AG must earn BO for this
Total 12
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Q Solution Marks | Total Comments
S(a)
Bl Circle
Bl Correct centre
Bl 3 Touching both axes
'S
k4
(b) |:|max =Gk Ml Accept /4% +4° + 4as a method
o ,f43 +4% +4 AlF Follow through circle in incorrect position
=4(\2+1) AIF | 3 |AG
(¢) | Correct position of = | ie L MI
I
a =—(4-—4cos—n]
6
= —(4 -243 ) AlF Follow through circle in incorrect position
b=4+4si L= 6
=4+ 4s5In g’[ = AlF 3
Total 9
June 06 FP2
Q Solution Marks | Total Comments
4 yt
NP SRR
A N
% AN »
] \ \
' |
| |
l‘\ /'
\|
'\\‘ N
(a)(i) | Circle Bl
Correct centre Bl
Enclosing the origin Bl 3
(ii) | Half line Bl
Correct starting point Bl
Correct angle Bl 3
(b) | Correct part of the line indicated BIF 1
Total 7
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Q Solution Marks | Total Comments
3@)i) | z=-i  |-2V3-2i|=Vi2+4=4 M1 243 -2i]
Al 2 4
(ii) | Centre of circle is 24/3 +i Bl Do not accepl(2~f3‘ ; l) unless attempt to
solve using trig
Substitute into line Ml
I -
arg |2+/3 +21) =~ shown
e )=< Al | 3
(b) VA
= /J x
Circle: centre correct Bl
through (0,-1) Bl
Half line: through (0,~1) Bl
through centre of circle Bl 4
(c¢) | Shading inside circle and below line BIF
Bounded by y=- Bl 2
Total 11
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Task 5: Roots of Polynomials - Harder Exam Questions (Cubics)

Jan 06 FP2
2 The cubic equation

e -{»px2 +gx+r=20
where p, ¢ and r are real, has roots 2, f and 7.
(a) Given that

a+f+y=4 and a2+ B2 492 =20

find the values of p and gq. (5 marks)
(b) Given further that one root is 3 + i, find the value of r. (5 marks)
June 06 FP2

5 The cubic equation
2 —diz? gz - (4-2i)=0
where g is a complex number, has roots o, f and y.
(a) Write down the value of:
i) a+B+7y; (1 mark)
(1) affy. (1 mark)

(b) Given that 2 = fi + 7, show that:

(i) a=2i; (1 mark)
(i) By =-—(1+2i); (2 marks)
(iii)) g=—(5+2i). (3 marks)

(¢c) Show that § and y are the roots of the equation
22 2z~ (1421)=0 (2 marks)

(d) Given that f is real, find f# and y. (3 marks)
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3 The cubic equation

D+2(1 =22 +32(14+i)=0

has roots «, ff and 7.

(a) Itis given that  is of the form ki, where £ is real. By substituting z = ki into the
equation, show that k = 4. (5 marks)
(b) Given that f = —4, find the value of 7. (2 marks)
June 07 FP2

2 The cubic equation

z3+pzz+6z+q=0

has roots «. f§ and 7.

(a)

(b)

(c)

Write down the value of 2ff + fiy 4 y«. (1 mark)
Given that p and ¢ are real and that o + 2 + 32 = —12:

(i) explain why the cubic equation has two non-real roots and one real root;
(2 marks)

(i1) find the value of p. (4 marks)
One root of the cubic equation is —1 + 3i.
Find:

(1) the other two roots; (3 marks)

(11) the value of ¢. (2 marks)

9@
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Jan 06 FP2
2a) | p=—4 Bl
(a+B+y) =X’ +23ap Ml
16=20+2ff Al
Lafi=-2 AIF
g=-2 AIF 5
(b) | 3—-1isaroot Bl
Third root is -2 BIF
afy=(3+1)(3-1)(-2) Ml
=-20 AlF Real affy
r=+20 AIF 5 | Realr
Alternative to (b)
Substitute 3 + 1 into equation MI
(3+i) =8+6i Bl
(3+i) =18 +26i Bl
r=20 A2.1.0 Provided r is real
Total 10
June 06 FP2
S(a)(i) | a+pB+y=4i Bl 1
(ii) | affy =4-21 Bl 1
(b)(i) | a+a=41, a=2 Bl | AG
.. . n
(i) Br = : 7.21 =-2i-1 Ml Some method must be shown, eg =—1
2i i
Al 2 AG
(iii) | g =af+py+ya M1
=a(f+y)+pBr Ml Or @ + By , ie suitable grouping
=21.21-21-1=-2i-5 Al 3 AG
(¢) | Useof f+y =21 and By =-21-1 Ml Elimination of say y to arrive at
22 2iz—(142i)=0 Al 2 | f2-2if—(1+2i)=0 MIAO unless
also some reference to y being a root
AG
(d)| f(-1)=1+2i-1-2i=0 Ml For any correct method
f=-1 y=1+2i AlAl 3 Al for each answer
Total 13
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Q Solution Marks | Total Comments
3@) | i+ 2(1-i)(—k2)+32(1+i)=0 M1 Any form
Equate real and imaginary parts:
i +2k% +32=0 Al
2k% +32=0 Al
k==4 Al
k=+4 El 5 |AG
(b) | Sum of roots is ~2(1-1) Ml Or affy =—(32+32i)
Must be correct for M1
Third root 2-2i Al 2
Total 7
June 07 FP2
2a) | D af=6 BI 1
(b)(i) | Sum of squares < 0.". not all real El
Coefficients real ... conjugate pair El 2
@) | (Ya)=da"+2) af MIAL Al for numerical values inserted
(D) =0 AIF
p=0 AIF 4 |cao
(e)(i) | —1-31isaroot Bl
Use of appropriate relationship
eg Za:o Mi MO if Z(f used unless the root 2 is
checked
Third root 2 AIF 3 incorrect pv*
(i) | g=—(-1-3i)(-1+3i)2 Ml allow even if sign error
=-20 AIF 2 ft incorrect 3" root
Total 12




